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Introduction
Edge localized modes (ELMs) are common MHD instabilities observed in many present tokamaks operating in the so called H-mode. ELMs manifest themselves with periodic bursts near the plasma edge, accompanied by large particle and heat fluxes leaving the plasma and reaching the facing material components. The material damage, caused by the so called type-I ELMs, can be potentially dangerous for future fusion devices such as ITER [1] . Therefore, suppression or mitigation of the type-I ELMs presents a crucial challenge as long as a fusion reactor is to be operated in H-mode.
Among various techniques proposed to control type-I ELMs, the resonant magnetic perturbation (RMP), provided by magnetic coils surrounding the torus, has been shown to be often effective, in many present day tokamak devices [2] [3] [4] [5] [6] [7] . Despite significant efforts during recent years [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , theoretical understanding of the ELM control physics with RMP fields is so far incomplete. It is, however, well established now that the plasma response plays a significant role in the ELM mitigation, possibly also in the ELM suppression. Substantial efforts have thus been devoted in computational modelling of the plasma response to RMP fields, in realistic toroidal geometry [8, [10] [11] [12] [15] [16] [17] [18] .
ASDEX Upgrade is presently equipped with two rows of ELM control coils, one located near the top, and the other near the bottom, of the plasma surface, with both rows being on the low field side. Experiments have demonstrated that the toroidal phase difference (the so called coil phasing) between the coil currents of the upper and lower rows, is one of the key factors affecting the ELM mitigation in ASDEX Upgrade [20] . More interestingly, the optimal coil phasing appears to be varying with plasma parameters. Previous modelling work has pointed to a correlation between the ELM mitigation and edge peeling response in both MAST [11] and ASDEX Upgrade [17, 20] plasmas. The peeling mode response, in turn, is in good correlation with the peaking of the plasma displacement near the X-point [11] .
Besides the X-point displacement, caused by the plasma response to the applied RMP fields, we shall also consider another figure of merit, namely the amplitude of the pitch resonant poloidal harmonic of the computed perturbed radial magnetic field near the plasma edge. It has been found before [11, 20] , and will be extensively demonstrated in this work, that both of these figures of merit result in the same prediction for the optimal coil phasing, for the ASDEX Upgrade plasmas considered in this work.
We shall computationally examine the aforementioned figures of merit, with systematic scans of 95 q and plasma shaping, in order to determine the optimal coil phasing. ASDEX Upgrade, like many other tokamak devices, has the flexibility of operating at different safety factor values, by either changing the plasma current or the toroidal vacuum field. So far the ELM control experiments in different tokamak devices have been carried out with different plasma shapes, which may or may not be similar to the shape of the ITER target plasmas.
Joint experimental work, between ASDEX Upgrade and DIII-D has recently been initiated, in order to investigate the effect of the plasma shaping on the ELM control. However, a systematic theory study on this issue is still absent. This partly motivates our work presented here. In particular, since ASDEX Upgrade has more flexibility in modifying the upper triangularity of the plasma separatrix (the lower triangularity is more constrained by the location of the lower divertor strike point), we shall study the sensitivity of the plasma response with respect to the variation of the upper triangularity, based on an ASDEX Upgrade equilibrium. The modelling results thus can be useful in guiding the planned experiments on ASDEX Upgrade in the near future, where both the plasma shaping and the 95 q effects will be investigated. In particular, our modelling results provide guidance on the choice of the optimal coil phasing in these ELM control experiments with various plasma configurations.
The modelling is carried out using the MARS-F code [21] , which has been well benchmarked [22, 23] and extensively applied to model the plasma response to external 3D
fields. With eight evenly spaced RMP coils in ASDEX Upgrade, the possible choices of the toroidal mode number are n=1, 2, 4. All three coil configurations are thus investigated in this work. With the limited number of the coil power supplies (presently 4 in total), the 3 n  field can also be produced, but with significant sidebands. In the modelling, we shall also consider the plasma response to the 3 n  field, but neglecting the sideband effects.
The next Section introduces the plasma and coil configurations in ASDEX Upgrade experiments, as well as a brief description of the MARS-F computational model. Section 3 reports the 95 q scan results. Comparison is also made between the modelling and experiments.
Section 4 reports computational results for the optimal coil phasing, when the upper triangularity of the ASDEX Upgrade plasma shape is gradually modified. Section 5 summarizes the work.
Plasma-coil configuration and MARS-F formulation

Plasma equilibrium
An ASDEX Upgrade equilibrium has been reconstructed, based on discharge 30835 at 3200 ms. Shown in Fig. 1(a) is the plasma boundary shape for this equilibrium. For the reason of numerical accuracy, the original plasma shape (black line) is slightly modified near the Xpoint (blue line). This modification decreases the value of the safety factor at the plasma surface, without appreciable change of other equilibrium parameters, including the total plasma current and the safety factor q at 95% of magnetic flux surface ( 95 q ). The plasma response is also not significantly affected by such a smoothing procedure [17] .
Discharge 30835 has a low safety factor, with 95 3.719 q  . The equilibrium radial profiles at 3200 ms were reported in [17] . In order to investigate the effect of 95 q on the plasma response to the RMP fields, as well as the dependence of the optimal coil phasing on 95 q , we consider a series of numerical equilibria by gradually varying the total plasma current p I (at fixed toroidal equilibrium field). This results in 95 q varying between 3.1 and 6.1.
Examples of the computed q-profiles are shown in Fig. 1(b) .
RMP coils configuration
The two sets of ELM control coils (B-coils) in ASDEX Upgrade are located at the low field side of the torus, as shown in Fig. 1(a) . Since there are 8 coils in each row, magnetic field perturbations, with toroidal mode number n=1, 2 and 4, can be produced. In experiments, the toroidal phase of the applied magnetic field can be tuned by varying currents in the upper and lower rows of coils. For the 1 n  and 2 n  configurations, 8 coils are sufficient to yield continuous variation of the toroidal phasing between the upper and lower rows. For the 4 n  configuration, however, there are only two possible choices of the coil phasing, i.e. either even parity or odd parity. On the other hand, the MARS-F modelling allows continuous variation of the coil phasing for all n's, by assuming larger number of coils per row.
MARS-F computational model for the plasma response
In this work, we use the MARS-F code [21] to compute the toroidal plasma response to external 3D magnetic fields produced by B-coils in ASDEX Upgrade. The code solves linearized single fluid, resistive, full MHD equations in toroidal geometry, in the presence of toroidal flow as measured in experiments. Besides the plasma region described by MHD equations, the MARS-F model also includes a real vacuum region, as well as current carrying coils in the vacuum. produced by the RMP coils [11] . One is the core kink response, which has a global structure in terms of the plasma radial displacement, and is thought to be triggered by the response of a stable core kink mode to the applied field. The kink response can often be substantially reduced by strong parallel sound wave damping [19] . The other type of the plasma response is due to the edge localized, stable peeling mode. This response, which is relatively insensitive to the sound wave damping, is well described by the amplitude of the resonant radial field harmonics near the plasma edge, as well as the plasma surface displacement near the X-point [17] . More interestingly, previous work has established a good correlation between the computed peeling type of the plasma response on one side, and on the other side the observed RMP effects on the plasma density pump out and on the type-I ELM mitigation in MAST [11, 25] and ASDEX Upgrade [20] experiments. 95 q on the plasma response and the optimal coil phasing Experiments in JET [26] and ASDEX Upgrade [20] have demonstrated that the ELM mitigation capability of a given coil configuration is sensitive to the variation of 95 q .
Effects of
Computational results of dense scan of 95 q are reported below, for different choices of the toroidal mode number for the applied RMP field perturbation. Since majority of the ELM control experiments in ASDEX Upgrade have so far been carried out with the 2 n  coil configuration, we report the 2 n  results first. The computed plasma response, however, experiences strong amplification at multiple values of 95 q . This multiple resonance effect, also previously found in DIII-D modelling [18] , has been shown to be related to the stability property of the edge localized peeling mode [27] . In order to more clearly illustrate this correlation, Fig. 4 nq . In our numerical study, the plasma boundary surface has been slightly smoothed near the X-point (see Fig. 1(a) ), leading to finite edge q-values. Figure 4 shows that there is no one-to-one correspondence between the plasma response peaking and the ideal peeling mode stability, but clearly there are several cases, where the large response due to the plasma amplification occurs in the stable window for the ideal peeling mode. We note that, in fact, within linear theory assumption, only the response computed in the stable window has physics significance, although MARS-F, owing to its special numerical algorithm, allows us to compute the stationary response point of an even unstable linear system. More discussions will be made, on the correlation between the multi-resonance in the plasma response and the peeling mode stability, in the following subsection, where the computational results for the 1 n  RMP coil configuration are reported.
Plasma response to n=2 RMP field
Plasma response to
1 n 
RMP field
Limited number of ELM control experiments have recently been performed in ASDEX Upgrade using the 1 n  coil configuration, due to high probability of causing the 1 n  mode locking. Clear ELM mitigation was observed though in early campaigns, using the 1 n  RMP fields [28] . For the purpose of modelling the n=1 experiments, as well as for the comparison with the n=2 results, here we choose the same plasma equilibria based on discharge 30835 at 3200 ms, as for the 2 n  coil configuration presented in the previous subsection, and perform the systematic plasma response scan. We shall not consider the issue of mode locking, which is out of the scope of this work. Two experimental data points, from shot 29160, where the coil phasing was varied during the same shot, are also plotted in Fig. 5 (left panel) . Again the best alignment between the computed optimum for the coil phasing, and that from experiments, is obtained by taking into account the plasma response. The vacuum field criterion has difficulty in distinguishing between the ELM-mitigation phasing and the non-mitigation phasing. mode. The number of peaks in this case agrees with the number of stable windows along the a nq axis. However, again the peak response does not always occur at the same location of the stable windows. We explain this by several possible factors. First, in a full toroidal equilibrium with strong plasma shaping, the plasma response may not be due to a single stable eigenmode. On the contrary, the plasma response is generally a linear combination of the response of all stable eigenmodes in the plasma, with the same toroidal mode number n. If the dominant contributions to the plasma response can come from more than one eigenmode, we may expect more complex behavior in the relation between the response peaking and the stability of the ideal kink-peeling mode. We mention that strong experimental evidence in DIII-D has recently been reported, indicating the occurrence of the multi-mode response phenomenon [29] . Secondly, other physics effects beyond the ideal MHD model may affect the plasma response. In our response computations using MARS-F, these additional physics include the plasma toroidal flow, the plasma resistivity, as well as the parallel sound wave damping mimicking the ion Landau damping physics in a rotating plasma [8] . We have thus separately investigated all the aforementioned additional physics on the stability of the ideal kinkpeeling mode for this ASDEX Upgrade equilibrium. We find that the plasma flow only introduces a Doppler shift to the mode frequency, without affecting the mode stability. This is similar to the findings from Ref. [27] . These eigenvalue computations are performed without including the effects from conducting structures. The (stabilizing) effect from the conducting structures (mainly the passive conducting plates in ASDEX Upgrade) should be weak for these peeling modes, which are strongly localized near the plasma edge, and the field perturbations decay fast in the vacuum region outside the plasma boundary.
The parallel sound wave damping, on the other hand, substantially reduce the mode growth rate, as shown by Fig. 7(a) . This, in turn, should modify the plasma response in the stable window for the ideal kink-peeling mode. The plasma resistivity has a weak destabilizing effect on the peeling mode growth rate, shown by Fig. 7(b) as an example (at 4.9 a q  ). More direct investigation of the stable mode spectrum, in a full toroidal geometry with these additional physics, is computationally challenging (partially due to the presence of continuum spectra as well). Other approaches, such as Nyquist technique [30] , may provide better insights into the plasma response in the stable domain. This is beyond the scope of the present work.
Another peculiar observation, shown in Fig. 5(b) , is the fact that the computed vacuum resonant field near the plasma edge does not monotonically decrease with increasing 95 q .
This behavior is different from that of the 2 n  coil configuration shown in Fig. 3(b) . A detailed investigation, reported in Fig. 8 , reveals that the amplitude of the resonant vacuum radial fields decays with different rates into the plasma region. Higher 95 q leads to faster decay of the field amplitude, as expected. As a result, further from the plasma boundary, the vacuum field does become smaller at higher 95 q . However, near the plasma edge, this may not be the case, essentially due to the proximity effect to the RMP coils. We point out that this proximity effect depends on the coil phasing as well as on the toroidal mode number n. The coil phasing, for the three examples of 95 q shown in Fig. 8 , is chosen to follow the straight solid line from Fig. 5(b) . The vacuum field generally monotonically decays with 95 q , for higher n numbers (n larger than 1 in our study). 
Plasma response to 3 n  and 4 RMP fields
We also performed similar systematic 2D scan of the plasma response for the q . The slope coefficients, as well as the phase shift factor, as defined in Eq. (1), are now summarized in Table 1 , for n=1-4. Note that Table 1 respectively. In fact all the numbers reported in Table 1 for . These results show that the scaling for the optimal coil phasing, that we find in this study, is relatively robust against the choice of the figures of merit.
Effect of plasma shaping on the choice of optimal coil phasing
So far no systematic theory efforts have been made to understand the effect of the plasma shaping on the plasma response. In the following, we shall gradually modify the shape of the plasma boundary in the upper outboard corner, starting from an equilibrium reconstructed for the ASDEX Upgrade discharge 30835 at 3200 ms. We shall only consider the 2 n  case, which is so far the most frequently adopted coil configuration in ASDEX Upgrade ELM control experiments.
Our primary concern is the effect of the upper triangularity of the plasma shape on the plasma response. To facilitate a systematic scan, we introduce an analytic model for modifying the existing plasma shape. Figure 11 We point out that this procedure results in very minor modification to the safety factor profile. In fact with the same total plasma current and the same toroidal equilibrium field, and for the new plasma boundary shapes shown in Fig. 11(b) , all the self-consistently computed safety factor profiles nearly overlap, with only a small variation of the edge safety factor value as plotted in Fig. 11(c) . This is important in isolating the physics effects associated with the plasma shaping in further studies. We again perform the plasma response computations by scanning the coil phasing angle  , for each of the new equilibria with varying plasma shape following our model. The same three figures of merit are used, in order to measure the plasma response. The corresponding results are plotted in Fig. 12 (a-c) , respectively, for various choices of the triangularity parameter  . We shall first discuss the optimal coil phasing that maximizes the corresponding figures of merit. These optimal coil phasing angles, as functions of  , are summarized in Fig. 12(d) , where the black curve with stars and the red curve with squares represent the optimal phasing based on the vacuum and the total response field, respectively.
The blue curve with squares shows  that maximizes the amplitude of the plasma surface displacement near the X point. A couple of interesting points can be made here. First, the optimal coil phasing varies with the plasma shape. For our case, the optimal phasing generally decreases with the triangularity parameter  . This is predicted by all three figures or merit including even the vacuum based criterion. The difference is that the latter again yields optimal phasing that is roughly 60 o less than that predicted by the two plasma response based criteria. In fact, by shifting the vacuum criterion based curve up by 60 o (dash-dotted green curve), we obtain reasonably good overlap of all three top curves shown in Fig. 12(d) . Secondly, it is evident that the variation of the optimal phasing with  cannot be simply explained by the proximity of the plasma surface to the upper row of coils. The fact that the vacuum field and the total response field yield a similar tendency for the optimal coil phasing (except for the 60 o shift), indicates that even the plasma response is not playing a dominant role here. Since the safety factor profiles are also similar for these cases, as has been pointed out before, the only major factor left, that can explain the computed variation of the optimal phasing with the plasma shaping, is the modification of the poloidal spectrum of the vacuum field, due to the change of the plasma shape. This is eventually related to the change of the poloidal angle.
On the other hand, the modification of the upper triangularity does significantly change the distance between the plasma surface and the upper row of coils in our case, as already shown by Fig. 11(b) . This proximity effect leads to significant variation of the computed amplitude of the vacuum and the plasma response fields, as evident from Fig. 12(a-c) . This is more clearly shown in Fig. 13(a-c) , where the peak amplitude (over all the coil phasing angles)
of the three figures of merit are plotted, respectively, against  . It is interesting to note though, that whilst the vacuum field amplitude monotonically increases with  (plot (a)), indicating predominantly the coil proximity effect, the plasma response introduces secondary effect that leads to non-monotonic dependences (plots (b-c)). By taking the ratio of the total response field amplitude to that of the vacuum field, as shown in Fig. 13(d) , we cancel the coil proximity effect. The resulting curve shows the effect of the plasma response to the variation of the upper trangularity of the plasma shape. This effect is non-monotonic, and the minimal response occurs at  near -0.01, i.e. with a plasma shape that is slightly less triangular than the original 30835 shape.
Conclusion and discussion
The MARS-F code, based on the single fluid resistive plasma model in the presence of toroidal flow, has been used to compute the plasma response to the applied RMP fields in the ASDEX Upgrade ELM control experiments. Two important factors affecting the ELM control, namely the edge safety factor and the plasma triangularity, are systematically investigated.
The optimal toroidal phase difference (coil phasing), of the coil currents between the upper and lower sets of coils in ASDEX Upgrade, is the key element of investigation.
In our modelling, the optimal coil phasing is defined as that maximizing either the amplitude of the resonant poloidal harmonic of the perturbed radial magnetic field (effectively the width of the magnetic island) near the plasma edge, or the radial displacement of the plasma surface near the X-point. Toroidal computations show that, when the plasma response is taken into account, these two figures of merit always yield the same optimum for the coil phasing. Moreover, across the reasonably large database for the 2 n  coil configuration, these optima seem to be in good correlation with the best ELM mitigation found in experiments.
Modelling shows a roughly linear scaling of the optimal coil phasing with 95 q , for various choices of the toroidal number mode n (n=1, 2, 3, 4) for the ELM control coils. The coefficients of the linear scaling are different for different toroidal mode numbers, and are numerically determined in this work (Table 1) . Such scaling, which is found to be relatively insensitive to the definition of the figures of merit, can be useful for guiding the choice of coil phasing in future experiments in ASDEX Upgrade.
Computations also reveal multiple resonance effect for the amplitude of plasma response, in terms of both figures of merits defined in this study, while continuously varying the edge safety factor. The plasma response experiences strong amplification in narrow windows of 95 q , as has previously been reported [18] . We find that the peak amplitude of the plasma response is related to, but not always exactly correlated with, the marginal stability of the ideal edge peeling mode. Other physics, such as the multi-mode response, the plasma resistivity, the toroidal flow, as well as the parallel sound wave damping, may also play roles.
Modelling shows that the optimal coil phasing also varies with the upper triangularity of the plasma shape. Three factors are identified here, which affect the plasma response with varying shaping: the proximity of the plasma boundary to the upper row of RMP coils, the change of the poloidal spectrum of the applied vacuum field near the plasma edge, and the difference in the plasma response due to the change of the plasma shape. For the 2 n  coil configuration at similar 95 q (corresponding to the low-q discharge 30835), the optimal coil phasing monotonically decreases with increasing the upper triangularity. This is mainly due to the variation of poloidal spectrum of the applied vacuum field. The amplitude of the peak vacuum field monotonically increases with the upper triangularity, primarily due to the coil proximity effect. On the other hand, the amplitude of the plasma response does not follow a monotonic variation with the plasma shaping. This is essentially due to the plasma response effect.
